Key Points:
widely used to monitor the moisture content (θ) distribution in the vadose zone at field 23 sites, and often resistivity (ρ) or conductivity (σ) is converted to moisture contents through 24 petrophysical relationships (e.g. Archie's law). Though both the petrophysical relation-25 ships (i.e. choices of appropriate model and parameterisation) and the derived moisture 26 content are known to be subject to uncertainty, they are commonly treated as exact and 27 error-free. This study examines the impact of uncertain petrophysical relationships on 28 the moisture content estimates derived from electrical geophysics. We show from a col-29 lection of data from multiple core samples that significant variability in the θ(ρ) rela- sume the inverted resistivity model having insignificant and uncorrelated errors so that 126 they can be used to calibrate against in-situ soil moisture data. In other words, the re-127 sistivity model uncertainty is implicitly counted twice.
128
The uncertainty of the moisture content estimates from electrical geophysics stems 129 not only from the uncertainty in the resistivity model, but it also propagates through 130 from any constitutive relationships linking geophysical and hydrological properties, and 131 yet these relationships are frequently assumed to be precise and error-free (Binley et al., 132 2015), in part due to the time and effort required to measure petrophysical parameters 133 in the lab. In fact, they are known to be uncertain due to the competing properties of 134 the pore fluids, pore geometry, and pore surface area on resistivity measurements ( identifying not only the optimal parameter set but also parameter uncertainty and its 168 effect on model prediction. However, to date, there has not been any study on how the 169 uncertainty of petrophysical relationships affects the quantitative estimation of soil wa-170 ter in the vadose zone using electrical geophysics. The findings on this question are rel-171 evant to many applications mentioned above.
172
In this work, we present a first attempt to investigate the extent to which mois-173 ture content estimates are affected by uncertainty in petrophysical models. Our aims are 174 to understand the likely variability in petrophysical models, and to develop a method 175 for petrophysical uncertainty propagation, which can be used to explore contributions 176 to uncertainty in the estimation of soil moisture. We review time-lapse ERT monitor-177 ing data of a controlled infiltration experiment and the rock core data collected in the 178 same formation. We test the two types of petrophysical models on the core data and ap-179 ply it to the inverted resistivity model, while keeping track of the uncertainty propaga-180 tion quantitatively. The methods and data used in this work are detailed in section 2.
181
We report results from our analysis in section 3. Finally, we discuss our findings in sec-182 tion 4 and provide our conclusions in section 5.
183

Materials and methods
184
Our study focuses on data from earlier comprehensive field and laboratory inves- 
208
In this study, we fitted the Archie relationships for the cores collected at Eggbor-209 ough and used them as realizations of petrophysical models. We then simulated the ERT 210 response of a water injection experiment, assuming a baseline petrophysical relationship.
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-5-©2018 American Geophysical Union. All rights reserved. elling or analysis steps. We obtained synthetic ERT and θ data using PFLOTRAN-E4D. Then we inverted the ERT data and used the Eggborough cores as different petrophysical models.
They were passed through the moisture content estimation and uncertainty estimation framework to obtain ERT-estimated θ, which were compared against the θ data.
Eggborough core samples
215
Core samples collected at Eggborough were used to measure the spectral induced (Table S2 ).
218
They found a strong correlation between mean relaxation time and hydraulic conduc- 
238
Since our focus here is the change in moisture content, we numerically repeat the Archie's Law relates bulk electrical resistivity ρ (1/conductivity) to fluid saturation S.
261
It is given by:
where m is the cementation factor, σ f is the fluid conductivity, φ is the porosity 263 and n is the saturation exponent. Assuming constant material and fluid properties (e.g.
264
m, n,σ f ), Archie's Law can be re-written in terms of the electrical resistivity at satu-265 ration (i.e. S=1), which is given by: 
where
To obtain best-fit estimates of Archie parameters, a straight 267 line is fitted for log 10 (S) and log 10 (ρ S ) using the least-squares criterion. The fitting rou- that ρ s corresponds to a particular σ f . Therefore, it needs to be scaled when applied to 271 a different σ f using eq. (1). We note that constant fluid conductivity may not be ap-
272
propriate in a range of environments (e.g. Altdorff et al., 2017) . Because the clay con-273 tent in the cores is low, the results from fitting the Waxman-Smits model are not reported.
274
Note that saturation and moisture content θ are related by S = θ/φ. The total amount 275 of moisture V w within a volume V is given by φV S.
276
The fractional change of θ, or equivalently that of S, is given by
where the subscripts t and 0 represent the variable at time t and at baseline. 
ERT modeling and inversion
279
We use the code R3t version 1.8 (www.es.lancs.ac.uk/people/amb/Freeware/ 280 R3t/R3t.htm) for ERT inversion. To obtain the resistivity variation, we seek to find a 281 model solution that minimizes the following objective function:
where d is the data (e.g. measured apparent resistivities), 
290
Using a Gauss-Newton procedure, the above is solved iteratively using the follow-
291
ing solution:
where J is the Jacobian (or sensitivity) matrix, given by J i,j = ∂d i /∂m j ; m k is the 293 parameter set at iteration k; and ∆m is the parameter update at iteration k. For the 294 DC resistivity case, the inverse problem is typically parameterized using log-transformed 295 resistivities, which we have adopted here. 
Again, using a Gauss-Newton procedure, the objective function can be solved it-300 eratively by: 
where S 0 is saturation at baseline and cov(S, S 0 ) is approximated by all the S val-327 ues in the model domain at the two times. The variance of saturation can be converted 328 to that of the total amount of water (V w ) within a volume by:
If porosity ρ is assumed to be known and constant, the first term is dropped. For can be found in Table S2 . The time-lapse ERT monitoring data during the water injection simulation was in-357 verted using a difference inversion as described above. The iso-surfaces in Figure S1 show 358 a volume that has 5.5% reduction of resistivity relative to baseline (Day 7). The inver-
359
sion results capture the geometry and the swell-shrink dynamics of the plume very well.
360
The plume expanded gradually once the injection commenced and then migrated down-
361
wards within a few days after the injection finished.
362
-10-©2018 American Geophysical Union. All rights reserved. For each of the petrophysical models, we then integrate the moisture contents over 380 the extracted volume to estimate the total water volume (V w ) in it. At the same time,
381
we derive error bars for the total water volume estimates using eq. 8 and 9. (VEC15-5), except for VEG2R1 and VEC18-1 it lies at 2.51 and 3.88 m 3 , respectively.
386
The size of the error bars varies between ± 0.68 m 3 (VEG2R1) and ± 2.28 m 3 (VEG15-387 8), or between 9.59% (VEC18-2) and 27.01% (VEG2R1), depending on the Archie pa- Figure 6b shows the change in total water volume on Day 18 relative to baseline.
392
The mean change is the difference between the total water volume at the two times. Us-393 ing eq. 10, the error bars shown here have accounted for potential correlation between 394 total water volume estimates between the two times. As a result, when fluid conductiv-395 ity is assumed constant, the uncertainty bounds for the change in total moisture would 396 lie between one and two times of that of the total moisture. The Archie models estimate 397 an increase in mean change in total water volume of 0.46 m 3 (VEG2R1) -1.08 m 3 (VEG2R2).
398
They are more consistent than the estimates of the absolute total water volume. Note for the change in total water volume using Archie models is consistent, they are never-404 theless highly uncertain.
405
The size of the error bars in Figure 6a is determined by a combination of the un-406 certainty of the petrophysical parameters (ρ s and n) and that of the inverted resistiv-407 ities ρ. Based on eq. 8 and 9, the variance of the total moisture estimates is the sum- ity is assumed to be 0.32±0.032. In Figure 6d , the height of the blue bars is the total 422 height of the bars in Figure 6c . crease in variance ranging from 13.7% (VEG2R1) to 108% (VEC18-2).
426
We have examined in Figure 6b the change in total moisture within the extracted 
The uncertainty propagation approach
456
We have proposed and demonstrated an effective procedure to propagate uncer- ically, the inversion procedure smooths the resistivity profiles (a proxy of moisture con- may be more accurate and robust than the conventional MC sampling we use here.
478
Finally, we note that our approach follows the classical approach to error analy-479 sis (Taylor, 1982) . The extent to which some of the underlying assumptions are valid, It is potentially applicable to any type of petrophysical models and inversion methods
484
and it may be extended to consider the uncertainty of the inversion itself. It is indepen-485 dent of the inversion methods and petrophysical models used, and we expect it to be used 486 widely in future studies. The great variety of petrophysical models lead to a large range of total water vol-489 ume estimates (Figure 6a ). This shows that using only a single petrophysical model de-
490
terministically can give misleading results. It also shows that any applications wishing 491 to quantify the absolute amount of moisture present must not rely on geophysics alone.
492
The changes in moisture content estimated by Archie's law, however, are generally con- HEC7-10 
507
Our uncertainty analysis shows that for most cases, the uncertainty in ERT-derived controls the volume of pore space for water to fill, better characterization of it can re-516 duce the uncertainty of the moisture content estimates from ERT.
517
Our work has focused on a water injection experiment where there is no variation 
536
It is important to check independently whether the uncertainty bounds of ERT-predicted 
